Considering a massive or massless free spinor field propagating in a flat five dimensional space with its fifth dimension compactified either on a strip or on a circle, we analyse the procedure of generation of the four dimensional Kaluza-Klein spinor mass towers. Requiring the five dimensional Dirac operator to be symmetric, the set of all the allowed boundary conditions is obtained. In the determination of the boundary conditions and in the Kaluza-Klein reduction equations, the SO(3,1) and parity invariances in the space-time subspace are carefully taken into account. The equations determining the mass towers are written in full generality. A few numerical examples are given.
Introduction
In recent articles, we have reanalysed in a mathematically complete and fully consistent way, the generation of Kaluza-Klein mass towers [1] in five dimensional theories with a compactified fifth dimension. This study was carried out for a scalar field supposed to propagate in the bulk, at first in a flat space [2] and then in a warped space without metric singularities [3] and in a warped space with metric singularities [4] . The mathematical approach relies heavily on a precise study of the hermiticity properties of the KaluzaKlein reduction equations which are of second order in derivatives.
This has allowed us to classify all the sets of allowed boundary conditions. These sets include, as particular cases, the usual box and periodic or antiperiodic boundary conditions which are currently invoked. We found, as a main result, that the Kaluza-Klein mass states may form non-regular towers which depend on the specific set of boundary conditions considered for the various possible metric configurations.
As the future high energy colliders will look for the possible appearance of Kaluza-Klein mass towers as evidence for the existence of fields propagating in higher dimensions and that these towers, if they exist, may well be composed of spinor states, we were led to extend our work to the Dirac fields. At first sight, this problem appeared simpler as the Dirac equation is of first order only in derivatives. However, the presence of multicomponents spinors offers new perspectives and hence increases the complexity of the solutions.
In this article, we restrict ourselves, as a first step in a more general approach, to a five-dimensional flat space. This leads to a convenient toy model where the degrees of freedom of a free Dirac field propagating in the bulk already show up and play a major role.
The article is organized as follows. In Section (2), we recall a few properties of the Dirac equation in five dimensions, putting forward the specific characteristics that are needed to construct and classify the Kaluza-Klein towers. In Section (3), taking into account the underlying invariances and symmetries, in particular covariance and parity invariance in the four dimensional space time, the Kaluza-Klein reduction equations together with the set of all allowed boundary conditions are established. The resulting mass equations, from which the Kaluza-Klein mass towers are built, are given in Section (4). In Section (5), some numerical examples are presented and discussed.
Our approach will be extended in a forthcoming article to a five dimen-sional warped space, which is known to provide a natural and elegant solution to the hierarchy problem [6] as an alternative to the solution based on large extra dimensions and gravity considerations [5] . Its peculiar characteristics will allow, in particular, the generation of Kaluza-Klein towers with an expected more realistic physical content.
Dirac equation in a five-dimensional flat space
We consider a free spinor field with mass M satisfying the five dimensional Dirac equation
The field is supposed to propagate in the bulk, a flat five dimensional space with coordinates x a , a ≡ {µ, 5} ≡ {µ, s}, µ = 0, 1, 2, 3 and a metric
giving rise to an invariance group SO(4,1) (related for the spinor representation to the symplectic group Sp(4)). The fifth dimension s is compactified either on a strip or on a circle (0 ≤ s ≤ 2πR). The five Dirac matrices in this space satisfy
There are two inequivalent sets of γ a matrices which can be built from the four usual 4×4 Dirac matrices γ µ and
They are
Contrary to the four dimensional case, there is no transformation mapping one set to the other
If there is another set of 4 × 4 γ a matrices satisfying (3), this set is equivalent through a change of basis, either to the set γ
[I]a or to the set γ [II]a . In particular, the sets (γ a ) + and (γ a ) t satisfy (3) and are equivalent to the set γ
where C is the usual four dimensional charge conjugation matrix satisfying
t and where the antisymmetric matrix D is related to the symplectic metric of Sp (4) .
It should be remarked, taking into account (7), that M and −M correspond to distinct fields. The covariance, under the covering group of SO(4,1), of the Dirac equation in a five dimensional space follows exactly the same pattern as the four dimensional one. In particular, the infinitesimal generators of the spinor transformations ψ
[γ a , γ b ] − and are identical for the two γ representations (5), (6) .
For spinor fields, one uses the natural invariant hermitian scalar product between two spinors φ and ψ (with as usual φ = φ
and not the invariant symplectic scalar product
The Dirac operator D = iγ a ∂ a is symmetric for all φ, ψ in its domain
provided the following boundary relation is satisfied
In Appendix (A), we justify with heuristic arguments the more restrictive condition which we will impose
for all values of x µ . This implies the existence of at least four linear equations among the components of the fields evaluated at s = 2πR and s = 0. These boundary conditions should respect the SO(3,1) invariance in the four dimensional subpace x µ . Hence we postulate for the boundary conditions the general form [ψ] s=2πR = (c 1 1 1 4 + c 2 γ 5 ) [ψ] s=0 with two complex constants c 1 and c 2 (1 1 4 is the unit matrix in spinor space). Introducing this form in the restriction (14), one finds that the coefficients c 1 and c 2 are expressible in terms of a real parameter ω with infinite extend and a phase angle −π ≤ ρ < π
This is the natural set of boundary conditions in s valid for all x µ within the hypothesis of SO(3,1) covariance. As will be seen later, this form of the boundary conditions does not imply violation of parity in any fourdimensional brane. This is due to the fact that the γ 5 ∂ 5 part in the Dirac equation induces a subtle natural connection between ψ(x µ , s) and its derivative multiplied by γ 5 .
Kaluza-Klein reduction for the Dirac equation
The Kaluza-Klein reduction of the spinor ψ α (x µ , s) is carried out assuming the separation of variables
with, for each n, two complex scalar functions of s,
, and a spinor ψ α (x µ ) depending on x µ . This form requires SO(3,1) covariance only which allows the presence of the γ 5 term. The i has been put for convenience. Introducing this Kaluza-Klein ansatz in the Dirac equation (1), one obtains
while the boundary conditions (15) become
One sees that the boundary conditions imply that the values of F [n] and G [n] at 2πR and at 0 must be related by a U(1)×SO(1,1) transformation. Remark that the usual periodic or antiperiodic boundary conditions for the spinors (allowing to closure of the s strip to a circle) correspond to the case ω = 0 and ρ = 0 or ρ = π
In a four-dimensional physical brane, we request that the spinor ψ
α (x µ ) should satisfy the parity invariant Dirac equation
with, by convention, (16) 
With the boundary conditions (18) taken into account, these equations lead to the determination of the allowed spinor masses m n observable in a four dimensional subspace (20).
Kaluza-Klein mass towers
In this section, we treat successively the distinct cases corresponding to the bulk mass M being positive, zero or negative.
The case M > 0
Remember that m n is positive by convention.
For m 2 n > M 2 , the solutions of (21) are
where σ n and τ n are constants and the square roots are chosen positive. Introducing these solutions in the set of boundary conditions (18), one obtains a system of two linear homogeneous equations for σ n and τ n . The vanishing of the related determinant gives the mass equation for the m n 's
Note the scaling property of the equation, that it does not depend on R when the masses are expressed in units of 1/R
In general, for given values of ω, ρ and M , this equation has an infinite number of solutions m n , giving rise to a Kaluza-Klein tower. Asymptotically, for large n, i.e. when m n >> M, the masses in the tower are given by
and become identical to the masses in the M = 0 tower for the same boundary parameters ρ and ω (4.2).
The subcase m
For m 1 = M, the solutions are
where σ M and τ M are constants. Introducing these solutions in the boundary conditions (18), one finds two linear homogeneous relations in the parameters σ M and τ M . Defining M 1 as
the vanishing of the determinant leads to the following condition
to be satisfied by the parameters ω, ρ and M for the first mass in the tower m 1 to be equal to the bulk mass
4.1.3 The subcase m
For m 2 h < M 2 , the solutions are
Replacing these solutions into the boundary conditions, one again finds two linear homogeneous equations in σ h and τ h . The determinant is zero provided
For given values of the boundary parameters ω, ρ and of M (24), the solution of this equation, if it exists, is unique and will be the lowest mass m 1 = m h in the tower, such that 0 < m 1 < |M| .
The formula (31) is simply the analytical continuation of (23).
For m h = 0, the limiting case of the equation (31), namely
implies, with the definition
the following restrictions on the parameters ω, ρ and M
for a zero mass state to exist.
Summary
The results (for M > 0) related to the presence or absence of a first mass in the tower lower than the bulk mass M are summarized in Appendix (B).
The case M = 0
The case of the bulk mass M = 0 is obtained by letting M → 0 in the relevant formulas.
The subcase m
For m n > 0, the solutions of (21) are
where σ n and τ n are constants. After introducing these solutions in the boundary conditions (18), the vanishing of the related determinant gives the mass equation for the m n Kaluza-Klein tower
The m n tower is the superposition of two regular subtowers, each with spacing
The separation between the two subtowers is given by
To obtain a zero mass state (m 1 = 0), the lowest in the tower, one sees from (21) that F [n] and G [n] must be constants and hence, from (18), that the boundary conditions must be ω = ρ = 0. This corresponds to the periodic boundary conditions (19) with ǫ = 1, allowing the closure of the s strip to a circle.
The case M < 0
The case M < 0 is analogous to the case M > 0. As the main result, the mass towers are related as follows
Numerical evaluations
Illustrative numerical examples of spinor towers are presented in the five tables for a representative set of bulk masses M and for some chosen values of the boundary parameters ω and ρ. As a general comment, for M = 0, there are two interlaced regular subtowers, each with equal spacing ∆(n + 2, n) = 1 (38) and variable separation ∆(2n + 1, 2n) (39) between the odd and even indexed masses.
1. In Table (1) , the boundary parameters are ω = −1 and ρ = π/3. Since ω is negative, the masses appearing in the tower are always larger than the bulk mass M, as it should for any value of ρ. For M = 0, the even-odd separation is
When the bulk mass M increases, the first masses, say the eight first masses m 1 , . . . , m 8 , become closer and closer to M. Already at M = 100, one sees that these first masses become very densely packed just above M. However, in all cases, asymptotically in n, the mass towers all tend to the mass tower corresponding to M = 0.
2. In Table ( 2), the boundary parameters are ω = 0 and ρ = π/3. For M = 0, the even-odd separation is
For increasing M , the towers behave as in Table (1). 3. In Table ( 3), the boundary parameters are ω = 0 and ρ = 0.1. Compared to the table (2), one sees that, for M = 0, the even-odd separation has become smaller
Indeed, at the limit of ρ = 0, corresponding to the periodic boundary conditions (19), the two subtowers merge for M = 0. The mass m 1 is zero while the other masses (m n = n, n = 0) are doubly degenerate. For increasing M and asymptotically, the towers behave as before.
4. In Table ( 4) , the boundary parameters are ω = 2 and ρ = π/3. For M = 0, the even-odd separation is
For M < M 1 (27), m 1 is larger than M . For M > M 1 , it is smaller than M. Disregarding the exceptional m 1 , the towers behave as before for increasing M and asymptotically.
5. In Table ( 5) , the boundary parameters are ω = 2 and ρ = 0. For M = 0, the even-odd separation is
, there is a zero mass state in the tower (m 1 = 0). Here again, disregarding the exceptional m 1 , the towers behave as before for increasing M and asymptotically.
Conclusions
In this article, we have carefully analysed the procedure of generation of Kaluza-Klein mass towers of four dimensional spinor fields, starting from a massive or massless five dimensional free Dirac field propagating in a flat bulk space with its fifth dimension compactified on a strip or on a circle. Requiring the five dimensional Dirac operator to be symmetric, we have deduced the set of all the allowed boundary conditions. The natural invariant hermitian scalar product and the SO(3,1) invariance in the x µ subspace were taken into account. The boundary conditions depend in a subtle way on the properties of the γ 5 matrix and are expressible in terms of two free parameters.
The Kaluza-Klein reduction is conducted in such a way that the spinor fields in four dimensions, which are related to a given bulk spinor field, obey the ordinary parity invariant Dirac equation. Requiring SO(3,1) covariance, it turns out that the γ 5 matrix plays also an essential role in the separation of variables. Notwithstanding, the presence of γ 5 does not spoil the parity conservation.
The equations whose solutions provide the Kaluza-Klein mass towers have been written in full generality. A few numerical examples are presented and discussed.
This work will be extended to the expected more realistic case of spinor fields propagating in five dimensional warped spaces, in line with our recent model of scalar fields living in warped spaces without [3] or with [4] metric singularities.
A Heuristic justification of (15)
In this appendix, we justify with plausibility and simplicity arguments our derivation of the form (15) for the general boundary conditions for the Dirac fields.
The integrated boundary condition (13)
should lead to linear relations between the fields ψ(x µ , s) evaluated at the edges of the s domain, namely at s = 2πR and s = 0. Given ψ(y µ , 0) for all y µ , ψ(x µ , 2πR) would then be related to it by the most general linear relation
where C αβ (x µ , y ν ) is a complex 4×4 matrix of functions depending on the eight coordinates.
If this boundary condition is to be covariant under the space-time SO(3,1) (subgroup of SO (4,1)
, the matrix C αβ must in particular commute with S and hence is restricted to a combination of the unit and γ 5 matrices
where C 1 (x µ , y ν ) and C 2 (x µ , y ν ) are two complex invariant functions or distributions which depend essentially on the invariant distance (x − y) 2 between the points x µ and y µ (the i is for convenience). Introducing this form (48), (47), valid both for ψ and for φ, in the condition (46), one finds
The natural solution is expressible in terms of invariant δ distributions
with the two constants being c 1 = e iρ sinh(ω) and c 2 = e iρ cosh(ω), leading through (47) to the final form (15). More general solutions of (49) are probably not very useful. 
there is no mass m h < M. Hence m 1 > M.
For
there is a mass m h < M, which is the lowest mass (m 1 = m h ) in the tower. For ρ = ρ 1 , m 1 = M = M 1 (27).
6. For ω > 0, M > M 4 , there is a mass m h < M for any value of ρ. The lowest mas m 1 is always smaller than M.
7.
A mass m 0 = 0 exists provided that the boundary conditions belong to the case
This mass is the lowest mass in the tower. 
For very large n, the mass towers converges toward the M = 0 tower Table 2 : Mass towers for ω = 0 and
For very large n, the mass towers converge toward the M = 0 tower Table 3 : Mass towers for ω = 0 and ρ = 0.1
For very large n, the mass towers converge to the M = 0 tower For very large n, the mass towers converge to the M = 0 tower 
